Intersection sets and blocking sets play an important role in contemporary finite geometry. There are cryptographic applications depending on their construction and combinatorial properties. This paper contributes to this topic by answering the question: how many circles of an inversive plane will be blocked by a d-element set of points that has successively been constructed using a greedy type algorithm? We derive a lower bound for this number and thus obtain an upper bound for the cardinality of an intersection set of smallest size. Defining a coefficient called greedy index, we finally give an asymptotic analysis for the blocking capabilities of circles and subplanes of inversive planes. # 2002 Elsevier Science (USA)
INTRODUCTION
Finite inversive planes are also known as 3-designs with parameters ðq 2 þ 1; q þ 1; 1Þ: It has been proposed in 5-7 to use them in order to reduce storage requirements for cryptographic key distribution in secure networks. For this application the question of minimal cardinality of intersection sets is directly related to the security of the underlying network communication.
Intersection sets and blocking sets have extensively been studied in projective planes and other line geometries. Little is known however for circle geometries, i.e. 3-designs. In the present article, we present a bound for the cardinality of an intersection set of a (finite) inversive plane. In doing so, we consider a hypothetical algorithm that successively adds points to a given set of points in such a way, that a maximal number of circles will be intersected by the enriched set. As this algorithm does not revise its past choices, it works according to a greedy principle.
In this way, we define a function g that assigns every element in d 2 f1; . . . ; q 2 À 1g a lower bound for the number of circles of the inversive 1 To whom correspondence should be addressed. plane, that can be blocked by a d-element subset of points. Having this function we define the greedy index of a given point set D as the ratio of the number of circles actually blocked by D to the number gðjDjÞ: This greedy index is designed to measure what could be called the blocking quality of a given set. In addition, the function g can directly be used to derive an upper bound for the cardinality of an intersection set of the given plane. We conclude our investigation with an analysis of the blocking capability of two classes of point sets in inversive planes. On the one hand, we consider the set of points on a single circle, and show that the blocking capability of these sets is asymptotically inferior to that of the points of a (maximal) subplane.
FINITE INVERSIVE PLANES
An inversive plane is an incidence structure M :¼ ðP; CÞ where P is a set of points and C 2 P is a set of circles satisfying the following axioms:
(i) Any three distinct points are contained in a unique circle.
(ii) If p; q are points and c is a circle containing p but not q; then there exists a unique circle containing q and intersecting c exactly in p:
(iii) There are four points which are not contained in a common circle.
Equivalently, an inversive plane can be characterized as an incidence structure M :¼ ðP; CÞ where the internal structure
is an affine plane for every point p of M: Therefore, all circles of a finite inversive plane have the same number of points, say q þ 1; and we call q the order of the plane. As we have already indicated in the Introduction the finite planes of order q are exactly the 3-designs with parameters ðq 2 þ 1; q þ 1; 1Þ: They possess a total number of qðq 2 þ 1Þ circles. The smallest example of an inversive plane is given by the trivial design ð P 3 Þ where P is a five-element set (see Fig. 1 ), and inversive planes of order q can easily be constructed whenever q is a prime power.
If M ¼ ðP; CÞ is a finite inversive plane and S a subset of its points, then we define the blocking number of S by
where S is called an intersection set of M; if bðSÞ ¼ jCj: A trivial example of an intersection set is P itself, and it is clear that examples of lower, possibly minimal cardinality are in focus.
TWO BOUNDS
In order to find a lower bound for the cardinality of an intersection set we look first for a lower bound for the maximal blocking number that can be achieved by a set of given cardinality.
The blocking numbers for one-, two-and three-element point sets of an inversive plane follow directly from the design properties and are given by qðq þ 1Þ; 2 q 2 þ q À 1 and 3 q 2 À 2; respectively. Our first theorem gives a lower bound for the maximal blocking number of a d-element set of points of a finite inversive plane. On the one hand, the cardinality of this set is obviously given by ðq þ 1Þ bðDÞ: On the other hand, we have
So, the number of pairs on the right-hand side of the last expression averaged over the points outside of D is given by
and hence there must exist a point p outside of D that is contained in at most this number of circles blocked by D: Adding this point to D we obtain
which by our assumption on D is seen to be lower bounded in the desired way, i.e.,
Note that the bound in the foregoing theorem is met by one-, two-and three-element point sets. For a non-concircular set of four points this bound is slightly weaker than the blocking number that is actually achieved. The next statement shows consequences for the cardinality of an intersection set. Theorem 2.2. In an inversive plane of order q there exists an intersection set of at most
Proof
ðq þ 1Þ! we obtain the claim. ] Remark 2.3. A power series expansion of the latter bound yields the asymptotic result that an inversive plane of order q contains an intersection set of at most
points.
GREEDY INDICES OF POINT SETS
Using Theorem 2.1, we define the following measure for the blocking capability of a given point set of an inversive plane. Proof. A circle c of an inversive plane of order q contains q þ 1 points. Each of these points is incident with qðq þ 1Þ circles, each pair of points is incident with q circles whereas each triple of distinct points is incident exactly with c: Therefore, we obtain bðcÞ ¼ ðq þ 1Þ ðq ðq þ 1Þ À 1Þ À q þ 1 2
and the asymptotic behaviour of the corresponding greedy index is easily checked. Figure 2 gives an illustration of this behaviour. ] 
